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Bonded composite patches are very appropriate for aircraft structural repair, showing very good properties when compared with
traditional mechanical fastening of metal sheets. The curing process of the composite patch must be done “onsite” and a direct
resistive heating method has been proposed. The heat produced by the electric current through the Joule effect when crossing the
patch carbon fibre bundles has been modelled with a Finite Element Program code, developed for the electric current equation.
The heat conduction equation has also beenmodelled in the program, as well as the kinetics of the curing reaction of the composite
resin. The electric resistivity of the materials is function of the temperature, so a nonlinear coupled system has been developed.
Therefore, a complete simulation tool able to study different configurations, current intensities, materials, etc. for the composite
patches is presented. A study case has been run with the developed code and results have been compared with experimental values.
Good agreement is found.
1. Introduction
It is well known that small cracks tend to appear in different
structural parts of aerospace structures mainly due to the
cyclic loads that these components undergo. The measure-
ment and control of these small cracks is an important part
of the day to day maintenance activities of aircraft. When the
length of the cracks reaches certain predetermined values, it is
necessary to repair the structural part (wings, tail, etc.) which
means that the whole aircraft must remain for some time on
earth for this operation. It is clear that these repairs account
for an important quantity of money, not only by the repairs
themselves but also for the nonavailability of the aircraft for
passenger or cargo services.
Traditional repair of these defects has been accomplished
through mechanically fastened patches. However, adhesively
bonded patches appear to be a good alternative, as they
have a large contact area for the bonding and a very good
value of specific stiffness. Composite patches also prevent
crack initiation and propagation, have good fatigue per-
formance, prevent corrosion, and conform more easily to
complex geometries. The application of the composite patch
on the aircraft involves either the precuring of the patch
and the bonding on the substrate or the on-aircraft curing
and bonding of the patching system (hot bonding). If the
damaged component cannot be removed and placed in an
autoclave, hot bonding seems to be almost mandatory. To
provide compaction, vacuum bagging systems are used. For
out of autoclave repairs, heat from portable equipment can be
delivered through heat blankets, lamps, or hot air.
It has also been proposed [1] that electrical resistance
curing could be used for carbon fibre/epoxy composites. The
idea is to pass electrical current through a layer of patch
carbon fibre bundles and make use of the heat generated by
the Joule effect to reach the curing of the resin and adhesive
present in the patch. This novel procedure seems to bring
some advantages when compared with other methods: heat is
distributed more evenly in the whole patch, and no specially
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tailored devices are needed, so a more uniform temperature
distribution could be expected, which is very convenient for
a uniform curing process.
Modelling of the curing process of composites through
numerical methods has already been tackled by different
authors. Yi, Hilton, and Ahmad [2] presented a complete
approach through the Finite Element Method (FEM), con-
sidering the nonlinear heat transfer equation and the cure
kinetics equation, with 2D examples. Joshi, Liu, and Lam
[3] studied the curing process through a commercial heat
transfer FEM code with some user developed code for the
cure kinetics, employing nodal control volumes. Park, Goo,
Min, and Yoon [4] presented a complete FEM formulation
valid also for materials with different thermal conductivities
in different directions, with special emphasis on the 3D
nature of the process. The use of resistive heating elements
for the curing process has been studied, along with the
curing kinetics, by Zhu and Pitchumani [5]. They solve
analytically the 1D through thickness heat transfer equation
with nondimensional numbers and make a complete study
of processing windows for different parameters. Companion
information about the experimental work is provided by
Ramakrishnan, Zhu, and Pitchumani [6]. Resistive heating
curing experimental work in aerospace applications with a
very simple heat transfer model is presented by Rider, Wang,
and Cao [7] and the prediction andmeasurement of electrical
conductivity for carbon unidirectional layers are reported by
Athanasopoulos and Kostopoulos [8]. The study of the cure
kinetics for aerospace employed resins has been reported by
Kim, Moon, and Howell [9] and Shin and Hahn [10]. They
provide, through Differential Scanning Calorimetry (DSC)
experimental work, values for the cure kinetics equations.
Finally, the study of the cure cycle influence on the mechani-
cal properties and curing kinetics through a commercial FEM
code and users subroutines is presented by Zhang, Xu, and
Huang [11].
It is interesting to note that in all the simulation work
previously reported only the nonlinear transient heat transfer
equation and the cure kinetics equation have been used. Even
for the work where resistive heating was employed [5–7],
the Joule effect power was considered constant through the
whole process. However, Athanasopoulos and Kostopoulos
[8] report that the electrical resistivity depends on the
temperature, although this fact is not taken into account in
their modelling work because it is outside the scope of their
investigations. It is also reported in the experimental work
of Joseph and Viney [1] that there is a change in the voltage
in their resistive heating setup (it goes from 6.0 to 6.4 V)
when the current intensity is maintained constant with a 15
A value. This means clearly that the electrical resistivity of
the composite material changes with the temperature and
that it would be very interesting to take into account in the
simulations the electric current equation also, coupled with
the heat transfer and with the cure kinetics equations.
The role that computer modelling can play to determine
particular values for imposed intensity electrical currents
in particular geometries, expected curing times, foreseen
maximum temperatures in the composite patch during the
curing process, etc. is quite clear. Different alternatives can be
studied in detail if a simulation tool is available and different
materials behaviour could be compared for a specific needed
repair. As a consequence, a numerical simulation tool based
on the Finite Element Method has been developed to model
the curing process of composites patches used in aerospace
repair.
2. Theoretical Background
Theequations that govern the curing process of the composite
bonded patch are the electrical current equation (Ohm’s
law in its most simple form), the conduction heat transfer
equation, and the cure reaction kinetics equation. The three
of them are detailed below with some comments for the
particular specific case that is being studied.
Electric Current Equation. For simplicity, it has been consid-
ered that thematerial formed by the fibre bundle and the resin
is homogeneous. In this context, electrical properties are the
same in all parts of the patch itself, although differentmaterial
properties are accepted in different directions (orthotropic).













𝜕𝑧 ) + 𝑖
∗ = 0 (1)
where 𝑉 stands for the voltage drop [volts], 𝑖∗ is a cur-
rent source [amp/m3], and 𝜎𝑖 is the electrical conductivity
[Siemens/m] in the 𝑖 direction (inverse of the more common
known value of electrical resistivity 𝜌). In the present process,
𝑖∗ is not present, and the equation is clearly stationary (no
time dependent). It is possible however that the electrical
conductivity is a function of the temperature of the material
𝜎 = 𝜎(𝑇), which is in itself a source of nonlinearity for the
equation. When solved through the Finite Element Method,
this equation gives voltages in each node and current density
[amp/m2] in each element and each direction. Once both are
known, it is fairly easy to calculate the energy by unit volume
and unit time [W/m3] that is produced by the Joule effect.
Heat Transfer Equation. The same simplifying consideration
about homogeneity that has been accepted for the electric

















where 𝑇 stands for the temperature [∘C], 𝑞∗ is a heat source
[W/m3], 𝜌𝐶 is the specific heat [J/∘Cm3], and 𝐾𝑖 is the ther-
mal conductivity [W/m∘C] in the 𝑖 direction. This equation is
transient, that is, time dependent, as it is the curing process
itself. The thermal conductivity of the material can be itself
function of the temperature, which is a source of nonlinearity.
Another source of nonlinearity is the boundary condition of
radiation, where the heat flow interchanged by the material
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with the surrounding is function of the fourth power of the
absolute temperature 𝑞 = 𝑞((𝑇 + 273.16)4). When solved
through the Finite Element Method, this equation gives
temperatures in each node and heat fluxes [W/m2] in each
element and each direction. These results will be provided
for each time step. It is also interesting to note that the
term 𝑞∗ will have two parts, one coming from the power
generated by the direct resistive heating (Joule effect) and
another part coming from the curing heat. Both terms must
be calculated and used in the resolution of the heat transfer
equation. Finally, it is also worth pointing out that the formal
appearance of both electric current and heat transfer equation
is the same (𝑇 and 𝑉 are equivalent as 𝜎 and 𝐾 are), which
simplifies the computer programming of the method.
Curing Kinetics Equation. This equation has a very different
aspect, as can be seen in (3), when compared to (1) and (2).
𝜕𝛼
𝜕𝑡 = 𝐾1 ⋅ 𝑒
(−𝐸1/𝑇) ⋅ 𝛼𝑚 ⋅ (1 − 𝛼)𝑛 (3)
where 𝛼 is the resin curing degree [no units], 𝜕𝛼/𝜕𝑡 is the
curing rate [s-1], 𝑇 is the absolute temperature [K], and 𝐾1,𝑚, 𝑛, and 𝐸1 are materials constants, found experimentally.
Equation (3) is completed by (4), which shows the time
integration scheme adopted and also completed by (5) which
shows the generated power (𝑃𝐶) [W] as a function of the cur-
ing rate [s-1], the curing degree [no units], the fibre volume
fraction (𝑉𝑓) [no units], the resin density (𝜌𝑟) [kg/m3], the
total volume (𝑉𝑇) [m3], and the resin cure reaction heat (𝐻𝑟)
[J/kg].
𝛼𝑡+Δ𝑡 = 𝛼𝑡 + Δ𝑡 ⋅ 𝜕𝛼𝜕𝑡 (4)
𝑃𝐶 = 𝜕𝛼𝜕𝑡 ⋅ (1 − 𝑉𝑓) ⋅ 𝜌𝑟 ⋅ 𝐻𝑟 ⋅ 𝑉𝑇 (5)
3. Numerical Implementation
The discretization and solution of the differential equations
that govern the curing process of the composite bonded patch
have been done through the Finite Element Method. The
developed program has been named JOULE.
Finite Element Discretization. The resulting electric current
equation is shown in (6), with the conductivity matrix
expression provided in (7) and the nodal electric intensity
vector in (8)
[𝐺] {𝑉} = {𝐼} (6)
[𝐺] = ∫
𝜔
[{∇} [𝑁]]𝑇 [𝜎] [{∇} [𝑁]] 𝑑𝜔 (7)
{𝐼} = ∫
𝜔
[𝑁]𝑇 𝑖∗𝑑𝜔 − ∫
𝛾
[𝑁]𝑇 𝑗𝑑𝛾 (8)
Apart fromvalues previously described and from the gradient
operator and the interpolation functions ([𝑁]), values of
the electrical conductivity matrix ([𝜎]) and imposed surface
electrical fluxes (𝑗) appear in (7) and (8).
The resulting heat transfer conduction equation is shown
in (9), with the thermal inertia matrix expression provided in
(10), the thermal stiffness matrix in (11), and the nodal flow
vector in (12).
[𝑀] 𝑑𝑑𝑡 {𝑇} + [𝐻] {𝑇} = {𝑓} (9)
[𝑀] = ∫
𝜔




[{∇} [𝑁]]𝑇 [𝐾] [{∇} [𝑁]] 𝑑𝜔
+ ∫
𝛾




[𝑁]𝑇 𝑞∗𝑑𝜔 + ∫
𝛾
[𝑁]𝑇 ℎ𝑇0𝑑𝛾 − ∫
𝛾
[𝑁]𝑇 𝑞𝑑𝛾 (12)
Apart from values previously described, from the gradient
operator and the interpolation functions ([𝑁]), values like
specific heat per unit volume (𝜌𝐶), the thermal conductivity
matrix ([𝐾]), the convection coefficient (ℎ), outside temper-
ature (𝑇0), and imposed surface thermal fluxes (𝑞) appear in
(10), (11), and (12). Radiation boundary condition is treated as
a convection boundary condition with a ℎ coefficient which
varies with the temperature. This implies a nonlinear heat
transfer calculation, if present.
It is worth mentioning that the cure kinetics equation can
be directly numerically integrated with the proposed scheme
in (4) and that there is no need of employing the techniques
shown for the electric current and heat transfer equations. In
fact, at the beginning of each time step a space distribution
of temperatures is known, as well as a space distribution of
cure degrees and curing rates. The power generated in that
time step is calculated through (5) and used to calculate the
converged distribution of temperatures at the end of the time
step, whenupdated values of the curing rates and cure degrees
will be calculated for each node in the FEM mesh.
The power generated through the Joule effect can be
expressed as
𝑞∗ = 󳨀→𝐸 ⋅ 󳨀→𝐽 (13)
󳨀→𝐸 = ∇V = ∇ [[N] {V}e] (14)
󳨀→𝐽 = [𝜎] ∇ [[N] {V}e] (15)
Thedot product of the electric field vector (󳨀→𝐸) and the current
density vector (󳨀→𝐽 ) expressed in (13) is calculated for each
integration point for each element, which is a very convenient
scheme, as the values can be used directly when solving the
heat transfer equation.
The time step employed for the integration must be small
enough to capture adequately the curing power. When the
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Figure 1: Flowchart of the Joule program.
kinetics of the reaction imposes a very high curing rate, high
values of power are calculated and, as a consequence, it is
very convenient to decrease the size of the time step. It is
not easy to foreseen before doing any simulation in what
time step the curing rate will increase rapidly, so a posteriori
check of the calculated heat produced by the program and the
one that could be easily calculated by hand (total volume ×
density × curing heat) should be made. A second simulation
with convenient nonequal time steps is then recommended;
if error is bigger than certain limit (we have used a 1% error
criteria in our simulations), time step should be decreased.
Solution Procedure. Figure 1 shows the flowchart to solve the
set of coupled equations.
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Figure 2: Experimental setup.
It is clear that there is a coupling between the electric
current equation and the heat transfer equation as one of the
inputs for this last equation (the power generated through
the Joule effect) comes from the electric current equation.
But it is also true that there is also a coupling between
the electric current equation and the heat transfer equation
when the electric properties of the materials are nonlinear,
that is, when electric conductivity is known as a function
of the temperature. This bidirectional coupling implies that
the staggered solution scheme presented in Figure 1 makes
two convergences checks, one for the thermal problem (with
its nonlinearity) and another for the coupling with the
electric problem. As a consequence, a significant number of
equation resolutions must be made for each time step before
a consistent set of temperatures is reached as a solution.
The numerically intensive nature of the solution of the
problem has been addressed by a very careful minimization
of the disk writings, a dynamic RAM memory scheme for
the management of data, and the equation solution and
finally for a specific subroutine that takes advantage of the
possible linear parts of the problem that do not need a
convergence calculation if, for instance, material properties
are not function of the temperature.
4. Case Study: Resistive Heating Curing Test of
a Rectangular Composite Sample
It has not been possible to test a real composite aerospace
patch at this stage but several direct resistance trials have been
carried out in Tecnalia (see Figure 2). The samples included
a fibreglass reinforced laminate to avoid electric current and
heat leaks, a CFRP, composed of 5 carbon layers (HexForce
43280 S 1070 TCT) (about 50% of filler content) and the
Epocast 52-A/B epoxy and an insulation blanket to avoid heat
leaks from the top.Doped (1%CNT) andnondoped laminates
were built during the testing stage.
Concerning the measuring devices, two electrodes were
connected at the edges of the CFRP and an electric current
was applied. For temperature measurements, different ther-
mocouples were placed. Cross section of the sample can be
seen in Figure 3.
Regarding the reproduced test, a particular one where an
electric current of 14.9 amperes was applied has been chosen.
As shown in Figure 3, 3 thermocouples were placed on the
CFRP: one on the bottom (A), the second in the middle (B),
and the last one on the top (C). Finally, the specimen was
Figure 3: Cross-sectional view of the test specimen.
inserted into a vacuum bag and another thermocouple (D)
was placed on the top.The dimensions of the coupon are 250
x 110 x 1.615 mm.
5. Computer Models
Three different computer models have been generated for this
case study, namely, the 2 DOF (Degree of Freedom) model,
the 2D model, and the 3D model. Temperature results will
be shown for the 2 DOF model and the 2D model, but only
the 2D model will be studied in detail. The reason is that the
2 DOF model gives interesting preliminary results but it is
not accurate enough to describe the real situation and the 3D
model requires an important computer work with almost no
improvement of the results.
2 DOF Model. This model takes into account the resistive
heating, the exothermic curing effect, and the boundary
conditions of convection and radiation to the surrounding
air. All the components of the system (vacuum bag, Teflon,
composite, and insulation blanket) are assumed to have a
single temperature, which is the one calculated and shown
in Figure 5. No FEM model has been used here, but only the
heat transfer, electric current, and curing equations. Results
are good enough for an initial approximation, as they give a
good idea of the time moment of the maximum temperature
in the system.
3D FEM Model. This model accounts for the whole coupon
and a mesh of 15 000 eight node elements with a total of
17 776 nodes was created. The idea of this big model was
to study whether the width of the coupon had an influence
in the temperature levels reached in the middle of the
coupon. Simulations showed that almost no difference of
temperatures was present between the 2D and 3D models, so
this 3D model was no longer studied.
2D FEMModel. The mesh shown in Figure 4 reflects the 2D
FEM model, where the vacuum bags are represented by the
red elements, the insulation blanket by the blue elements, the
Teflon layers by the green elements, the CFRP by the yellow
elements, and the fibreglass reinforced laminate by the pink
elements.
Only one part of the employed mesh is shown, as the
length of the case (250 mm) is much higher than the coupon
thickness (1.615 mm) and the total thickness (5mm). It is also
necessary to mention that a 2D calculation has been done, as
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Table 1: Material properties.
Id. Material
Electrical conductivity Thermal conductivity 𝜌C
(Siemens/m) (W/m ∘C) (J/m3∘C)
x y z x y z
1 Bagging 0 0 0 0.069 0.069 0.069 446633.6
2 Fibreglass 0 0 0 0.58 0.58 0.58 1431000
3 Teflon 0 0 0 0.58 0.58 0.58 1431000
4 Dry fibre + epoxy See Table 2 6.83 0.683 6.83 2022700
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Figure 5: Temperature comparison between test and computer
models.
there was no variation in the width direction of the behaviour
of the sample. In fact, a 250 x 5 mm rectangle has been drawn
and divided into 7 500 four node elements with a total of 8
016 nodes. The width of the coupon has been included in the
input file. It has been considered that the vacuumbag had a 0.1
mm thickness (1 layer of elements), the glass fibre 0.8 mm (2
layers of elements), the Teflon 0.17 mm (1 layer of elements),
the CFRP and Epoxy 1.615 mm (4 layers of elements), and the
thermal insulation blanket 2.045 mm (5 layers of elements).
Material properties can be seen in Tables 1 and 2.
It is interesting to note that electrical conductivity 𝜎 as
a function of temperature was used for material number 4,
the dry fibre plus epoxy resin. It is also worth noting that the
thermal conductivity of the dry fibre plus resin is ten times
lower in the vertical direction than in the on-plane direction.
Table 2: Dry fibre + epoxy electrical conductivity.
Temperature (∘C) Electrical conductivity (Siemens/m)
x y z
-273.16 6000 6000 6000
23.20 6334.8 6334.8 6334.8
80.77 9798.22 9798.22 9798.22
200.00 10000 10000 10000
For the cure kinetics calculation, (3) has been used with
the following values: 𝐾1 = 1 485 063 𝑠−1, 𝐸 = 7 433𝐾,𝑚 = 0.18, 𝑛 = 1.55. These data come from experiments made
at Tecnalia. For the heat power generated during the cure
process, (5) was used, with the following values: 𝑉𝑓 = 0.3793,
𝜌𝑟 = 1 100 𝑘𝑔/𝑚3, 𝐻𝑟 = 400 000 𝐽/𝑘𝑔. Concerning the
boundary conditions, a convection coefficient ℎ = 7 𝑊/𝑚2∘C
and an emissivity value for radiation of 𝜀 = 0.5 were
used. Ambient temperature was fixed at 23.3∘C according to
measurements in the test room.
6. Results and Discussion
Figure 5 collects the experiment measured temperatures and
results from simulations. It is important to say that the
thermocouple B (the one in the middle of the composite,
see Figure 3) had a malfunction during the test and, con-
sequently, the recorded temperatures were wrong. For the
test temperatures shown in Figure 5 for the point B, we have
calculated the arithmetic mean between the temperatures
recorded by thermocouples A and C.The difference between
the temperatures in these two thermocouples was always
lower than 2.5∘C (at the same time step), which justifies the
decision made.
Figure 5 also collects temperature values coming from
the above explained 2D simulation. Companion results from
the very simple preliminary two nodes model (2 DOF model
Mathematical Problems in Engineering 7
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Figure 6: Voltage drop comparison between test and computer
model.
previously explained) are also represented in Figure 5. The
results obtained for the 3D simulation have not been included
in the graph due to the fact that there are almost no
differences when compared with the results of the 2Dmodel.
The results of the 2 DOF model can be considered good
for initial estimates of needed time of curing for a particular
test geometry and electric current value. The difference
between the temperatures shown by this preliminary model
and the ones obtained with the 2D model are due to the fact
that a single temperature is representing a set of different
materials and their different thermal and electrical properties.
The 2DFEMmodel predicts quite well themaximum temper-
ature and the time when it happens for the three points (A, B,
and C), although it overestimates somehow the temperature
velocity gradient.
Regarding the variation with time of the voltage drop
measured and predicted, results can be seen in Figure 6,
where the change of electrical conductivity with temperature
is the main responsible for the shape of the curve.The general
trend of the voltage drop has been captured well but the real
values are somehow different. This mismatch is attributed
to the difficulty to have real electrical conductivity values
properties as a function of the temperature.
Finally the expected values for the variation with time of
the curing rate and the curing degree in the middle of the
coupon are presented in Figure 7. Total cure (higher than
90%) is predicted for 1.5 hours of process, while themaximum
curing rate is expected at time 1 000 s. These values are
consistent with what was observed in the test.
7. Conclusions
A methodology to simulate the direct resistive heating of
aerospace composites patches for onsite hot bonding trough
the Finite Element Method has been presented. Tests results
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Figure 7: Variation with time of the curing rate and curing degree
in the centre of the coupon test.
Data Availability
The data used to support the findings of this study are
available from the corresponding author upon request.
Conflicts of Interest
The authors declare that there are no conflicts of interest
regarding the publication of this paper.
Acknowledgments
This work was developed under the European Seventh
Framework Program, Theme 7 Transport, Project IAPETUS
[Grant Agreement no. ACP7-GA-2008-234333].
References
[1] C. Joseph and C. Viney, “Electrical resistance curing of carbon-
fibre/epoxy composites,” Composites Science and Technology,
vol. 60, no. 2, pp. 315–319, 2000.
[2] S. Yi, H. H.Hilton, andM. F. Ahmad, “Afinite element approach
for cure simulation of thermosetting matrix composites,” Com-
puters & Structures, vol. 64, no. 1–4, pp. 383–388, 1997.
[3] S. C. Joshi, X. L. Liu, and Y. C. Lam, “A numerical approach to
themodeling of polymer curing in fibre-reinforced composites,”
Composites Science and Technology, vol. 59, no. 7, pp. 1003–1013,
1999.
[4] H. C. Park, N. S. Goo, K. J. Min, and K. J. Yoon, “Three-
dimensional cure simulation of composite structures by the
finite element method,” Composite Structures, vol. 62, no. 1, pp.
51–57, 2003.
[5] L. Zhu and R. Pitchumani, “Analysis of a process for curing
composites by the use of embedded resistive heating elements,”
Composites Science and Technology, vol. 60, no. 14, pp. 2699–
2712, 2000.
[6] B. Ramakrishnan, L. Zhu, and R. Pitchumani, “Curing of
Composites Using Internal Resistive Heating,” Journal of Man-
ufacturing Science and Engineering, vol. 122, no. 1, p. 124, 2000.
8 Mathematical Problems in Engineering
[7] A. N. Rider, C. H. Wang, and J. Cao, “Internal resistance
heating for homogeneous curing of adhesively bonded repairs,”
International Journal of Adhesion and Adhesives, vol. 31, no. 3,
pp. 168–176, 2011.
[8] N. Athanasopoulos and V. Kostopoulos, “Prediction and exper-
imental validation of the electrical conductivity of dry carbon
fiber unidirectional layers,” Composites Part B: Engineering, vol.
42, no. 6, pp. 1578–1587, 2011.
[9] J. Kim, T. J. Moon, and J. R. Howell, “Cure Kinetic Model, Heat
of Reaction, and Glass Transition Temperature of AS4/3501-6
Graphite–Epoxy Prepregs,” Journal of Composite Materials, vol.
36, no. 21, pp. 2479–2498, 2016.
[10] D. D. Shin and H. T. Hahn, “Consistent cure kinetic model for
AS4/3502 graphite/epoxy,” Composites Part A: Applied Science
and Manufacturing, vol. 31, no. 9, pp. 991–999, 2000.
[11] J. Zhang, Y. C. Xu, and P. Huang, “Effect of cure cycle on curing
process and hardness for epoxy resin,” Express Polymer Letters,


















































































Submit your manuscripts at
www.hindawi.com
